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1. Preliminaries
L. Matrix Calculus
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11. Probability
P(@) =0;P(Q) = 1;if {4;}72, S T are
mutually independent, we have P(U2, 4;) =

21 P(A;). Bayes’ Rule p(x|y) = %

p(y) = Y, p(y¥|x;))p(x;) marginal likelihood,

p(x|y) posterior, p(x) prior, p(y|x)
conditional likelihood.

II1. Expectation & Variance Matrix

E[AX + b] = AE[X] + b; E[X + Y] =

E[X] + E[Y]; Var(AX + b) = AVar(X)AT +
b; Var(X +Y) = Var(X) + Var(Y) +
2Cov(X,Y) if independent Cov = 0;

E[XTT] = E[X]E[Y]" if independent;
E[g(X)] = [ g()f(x)dx ifX €R, g: R% -
R; E[E[X|Y]] = E[X]; Var(X) =
E[Var(X|Y)] + Var(E[X|Y]); E(f(x)) <
f(E(x)) Jensen’s inequality f convex.

IV. Information Theory

Entropy HX) = =X P(X = x)log P(X = x),
H(X) = — [ p(x) log p(x) dx (continuous).
HX,Y)=-YP(X =x|Y =y)logP(X =
x|Y = ) joint entropy. H(X|Y) =

—YXPX =x|Y =y)logP(X =x|Y =y) =
—SPX=xY=y) logw
entropy. 1(X;Y) = HX) — HX|Y) =

P(Y=y)
_ _ _ P(X=x)P(Y=y)
YPX =xY=y) log—P(X_xy_y)

information. KL(p; q) = Y. p(x) 1ng(") is KL

divergence; CE(p|q) = — X p(x) logq(x) =
KL(p; q) + H(p) is cross entropy.

*HX) =0, HX,Y) = HX) + HY) ifX,Y
independent; 0 < I(X;Y) < HX); I(X;Y) =
[(Y; X); KL divergence quantifies the
difference between the number of bits required
for encoding p using a code optimized for g, p.
2. Anomaly Detection

1. Principal Component Analysis (PCA)
PCA is for dimension reduction R? — R% such
that d components have the largest variance,
larger variance are more informative. Suppose

s

conditional

mutual

X = %Z}lei is the sample mean, u € R”,
||u||2 = uTu = 1, the sample mean of
{uTxy, -+, uTx,} is uT X, the sample variance
is %Z{;l(uTxi —uTX)? =u" (711 n (g —
X)) (x; — )?)T)u = uTSu. Thenu, =
argmaXx, e D | y|[. -1 u” Su, where u is the unit

eigenvector of S that corresponds the largest
eigenvalue. Let f(u) = u"Su, glu) = 1 —

uTu, maximize f(u) such that g(u) = 0. The
Lagrangian is L(u, 1) = f(u) + Ag(u) =
ulSu+2(1 —uTu) = u" (S — Alp)u + 4,
Z—z(ul,/l) =2(5 — Alp)uy = 0, Suy = Auy.
We define the first PC as X; = {x -

proj,, x:x € X} = {x — (ulx) - u;:x € X}

* Suppose eigenvalue associated with u, is 4,
then for any unit eigenvector u* of S
associated with eigenvalue 1* we have 1; =
Aulu, =ulsu, > wlsu = 1uur = A4
II. Gaussian Mixture Model, EM Algorithm
Steps of GMM: 1) Randomly pick one
distribution from K distinct Gaussian
distributions; 2) Generate the data point
according to the selected distribution. GMM
pdfis p(x) = TX_, mN (Xljag, Ty ), where

{m }¥_, is probability distribution,

N (x|, Zi) is the pdf of distribution

N (ug, Zg). Log-likelihood is log pg (X) =
Y logpg(x; ) but intractable. Decompose to
lngg(X Z) = 110g7—[zl + Z llogN(xllﬂzl Z, )
Maximize logpg(X) = E,4 [log(p"(g‘)z()) Zgi)]

Eia [pz(é)z ) Erq [log ( 8((22‘))())], we denote
M(.0) = B, [tog (23], £(0,0) = .. e (5175

Optimization steps: 1) Initialize 6y; 2) Fort = 1, -+,
update ¢* = argmingE(q,0™") = pge-1(- |X), 6" =
argmaxgM(q*,6°™1) = argmaxgE, 4 [logpe (X, 2)].

* logpe(X) = M(q,0),Vq,0;logpe(X) = M(q",0)
when q* = pg (- |X), VO; EM algorithm does not
guarantee a global optimum of log pg (x), local optimum.
3. Density Estimation

I. Maximum Likelihood Estimation

MLE &, is the value of # € © that maximizes
the likelihood function L, (0) = [T, f (x;; 6).
Properties: consistent E[8, ] = E[B]
equivalent 8,, is MLE of 6, then g(6,,) is MLE
of g(8); asymptotically normal (é - 9*)/5’@ ~
N(0,1); asymptotically optimal and efficient,
the MLE has smallest variance with large
samples; approximates the Bayes estimator.

I1. Rao Cramer Bound

For any estimator 8 of 8 it holds that

1 ~ 2
Exe [(é - 9)2] > (Z’Eill’:;g + b, where by =
Eyo[0] - 6. A = logp(x|6) = —p(;‘e);’—gp(xm

* Unbiased estimator by = 0 = Ey g [(9 -

|2

unbiased estimator might not the best.

II1. Bayesian Inference

0 is a random variable with distribution
p(0|x); X ~ p(x) where p(x) unknown;
p(x|0) is model reflect belief about x given 6.
p(X =x|x) = [ p(x,01x)d6 =

tradeoff _bs < 0vs. by

I p(x16,0p01)d6 = [ p(x|0)p(Blx)do ~
[ p(x10)5(6 — 8)d8 = p(x|6).
4. Regression
L. Liner Regression

= BTx; + €;, where ¢; ~ N(0,52). OLES
minimizes f = argming %Z?ﬂ(}’i - [)’Txi)z.
Matrix form L(B) = (Y — XB)T(Y — XB) =
YTY - 2YTXB + BTXTXB. TP = —2XTY +
2XTXB = 0= B = (X"X)"1XTY. L2 (ridge):
B = (XTX + AD)~1XTY reduces variance.
* OLSE is unbiased under iid = E[,@] =p.
11. Bias-Variance Tradeoff
MSE = (E[f(0)] - £G)) + Var[f(0)] + E[e?], the
first term is bias squared, second term is variance.
IIL Transformations
We can apply a transformation ¢ (x) =
(1,x,x2, xk) to capture non-linear
relationships y; = BT¢(x;) + €;, B =

(®TD)1®TY, where ® € R™™ with ¢ (x;)7.

IV. Causali

If f is a counterfactually invariant predictor: 1)
for the anti-causal scenario, f(X) L W|Y; 2)
for the causal scenario without selection (but
possibly confounded) f(X) L W; 3) for the
causal scenario without confoundedness (but
possibly with selection), Y L X|W, X{}, and
fX) L wjy.

5. Gaussian Processes

I. Bayesian Linear Regression

p(YIX,B,0) = N(YIX"B,0%) = exp (— -5 (¥ —

xT ﬁ)z). Extend multiple linear regression by
having a prior p(8) = N(|0,A™1) =

exp (—%,BTA[?). Given X € R™4,y € R™, we
have p(B|X,y) = N(uﬁ,Eﬁ) =
logp(BIX,y) = —02(y — XB)T (y — XB) —
1470 = —LfTGRXTX + ) +

BT (02X"y), up = (XX + 0?A)"* X"y and
Ip = 0?(XTX + 0207

I1. Gaussian Processes

Giveny = XB + €, where € ~ N(0,2I). We
have Eg [y] = XTE[B] + E[e] = XT0+0 =
0, Covlyl = Eg[(XB + )(XB + ©)"] =
XE[BBT1XT + XE[B)E[e] + E[€]E[BT]1XT +

E[ee™] = XAXT + 021. We can rewrite it as
V1 ky, +0? kyn
L ~N| y|0, : 3 H 5 ki,j =

n kna < kyp+0?

k(x;,x;) = x[ Ax; as the kernel function.
II1. Prediction using Gaussian Processes
Given the conditional Gaussian Distribution
a; uy [Z P
P (e B s
semi-definite and a4, 1, € R®, a,, u, € R',
%, € R®*¢,32,, € R/, 3,, € I %, € RI>e,

]) with Z;; positive

Then the distribution is p(a,|a; = z) =

N(uz + 2,311 (z — u1) Z22 Z21211 Z12).
Require: n nﬂmuuh\mw)(_ [T e y = B, kernel function
ke, noise variance 7%, new data point z ‘:[r’
K = (el 7)oy e & Compute kernel matrix
ko (K, o Mycics & Similarity new data polnt and observed data
Ty, — kUK +02T)! & Mean of pred. distr.

e N
M
Symmetry k(x,x") = k(x', x) forx,x’ € x;
K 4, is positive semi-definite for A C y;
stationary if k(x — x") = k(x, x"); isotropic
itk (|lx—x],) = k(x,x').

* Jsotropic implies stationary.
k(x,y) = x"y k(o y) = xTy = XL, xy, =
k(,x); a"Ka = Tt 3 aga; k(x], %) =
T aa xl X = (O ax)T (T @) = |10 a2 =
0. k(x, ) = chy (x,%): p(x) = Vo, (x), ¢ ()(2) =

cp] (1)1 (2) = ki (x, 2). k(x,x') = kq(x,x') +
ky (,x): () = [ (x) 20O, ¢ () p(2) =
63 (), (2) = ky(x,2) + kp(x, 2). k(x, x') =

ky (2K, (x,2) = ($1 (1), (D)) (¢ ()¢ (2)) =

G fil) fi(2)(E219,(6) g;(2) =

Zi,/(fi(x)g](x)) (fi(@)g;(2) =Xi; hi](x)hi](z) = I ()5 (2).
k(x,x') = f)ky (6, x)f(x): p(x) = f(x) 1 (x), " () p(2) =

FOI$1 ()P, (2)f (2) = fOk(x,2)f (2). k(x,x") =
exp(k,(x,x")) = XL, ky (x x)7/r! - k(x,x") asm - oo. RBF

kernel k(x,x) = exp(** llx = x'113): exp(*7|lx -x'|1}) =
exp(ﬂZ 11x11%) exp(l—x x") exp(;”x 113, exp(’—x x") valid as
¢(x) = x similar to exp(k; (x,x")) as a whole valid as k = fk,f.
6. Validation & Uncertainty Quantification
1. Model Validation

Cross-validation estimates model
performance by splitting data, training on some
parts, and testing on others.

Bootstrap estimates the distribution of a
statistical parameter by repeatedly sampling
with replacement from the original dataset and
computing the parameter for each sample. 5=
= 30es S(Z), 0%(S) = 75 Lyes(S(Z) = §).

II. Linear Uncertainty Quantification
Suppose X € R™?, B|X ~ N(B,0%(X"X)™1),
the unbiased estimator of 62 is 2 =

> Variance of pred. distr
& Return pred. distr.

Ty =yTx=

¢ ()1 (2) +

. 2
ﬁZiSn(X,B - Y) , an approximate 1 — &

confidence interval for g} is [?j + Za/zs’é(ﬁj),
where 2y, is the cdf of the standard Gaussian

and s’é(/?j) is the j-th diagonal element of
o?(XTX)™t. P-value, H,:0* € Oy, H;: 0" €
04, 09,0, € O, given a sample Xy, -+, X, ~
p(-16*) and a statistic t(X;, -, X,,). We have
p = infla : t(xy, -, x,) = c}, which
equivalents to p = sup Pr(t(Xy, -, X,) =

6€0,
t(xq,++, xn)10).

7. Bayesian Neural Networks
L. Stochastic Gradient Descent

Initialize weights w'"), define learning rate function ¢ — .
fort=1,...,T do

Pick a 1)r)1nt (z,y) from the dataset Z.

Update weights: w® « w1 — o, Ly, flz | w=1)).
SGD only offers a point estimate for the

weights and biases of the neural network.

I1. Bayesian Neural Networks
p(w|D) = p(w)p(D|w), use variational
inference to approximate the posterior, find a
tractable parametric distribution g(w|8) ~
N(u,021). 6" = argmingKL(q(w|0)|p(w|D))
= Eyoqcie) [F(W, 8)], where F(w, 8) =
log q(w|6) — logp(w) — logp(D|w).
Initialize h:nue\tn’ for g and o, and learning rate function { — a,
fort=1,2,... do

Smu])k e~ N(0,1).

Compute the objective function F(w,§).
Update g and o as follows:

: ]
[ (%F(w,ﬂ] + oiﬂmr. n))

B v, T @
o T -y e
Au

1L Active Learning

Given a target space A S y and a sample space
SCyx. fmapsx € yto fy, Yy = fy + €x.

D1 = {(x;,¥)}icn € S X R, want to find x,, €
S having the most information about f in A.

ITL x, = argmaxyes! (fa; ¥x|Dp-1) =
argmaxxES%log (%), when f ~ GP(u, k).
Safe Bayesian optimization fits a GP f on
(X1, Y ians [ (), u}, (%)] is 95% confidence
interval of E[f (x)], pessimistic estimate S,, =
{x:12(x) = 0}, optimistic estimate $,, =
{x:ud (x) = 0}. Having target set A,, = {x €
Sprul (x) = max 1/ (x")} perform ITL.

n

[
P, ) - M
F{w,6) aﬁrm.o;)

IV. Batch Active Learning
This method selects a batch of data points in
each iteration, instead of one data point. NP-

hard, use ProbCover to approximate it.
l{equne XCA. bheHN
Ensure: L C X of size b

1 G=(X, F.'J where E = {(z,2') : |lv — 2| <4}
2 L

3 fori=1,2... bdo

1: F e argmax,ex [{2': (z,2") € B2’ € X}
5 L+ Lu{s}

6: E + E\ ({#} x (Bs(#)n X))

8. Convex Optimization

Transform constrained optimization to
unconstrained optimization: min f(w), gi(w) =0,
(W) <0,Vi<smj<n=Lwald=fw+

Tiem Aigi(W) + Zjen (W), a; = 0, A; and @; are
Lagrange multipliers, solve min max max L(w, 4, @).
Primal: 6,(w) = maxL(W Ada)=>p = mm maxL(w Aa)

Rd @20,
Dual: 6,(w) = Mr/ré;r}t Lwda)=>d = la];gﬁwrlrém L(w, 4, a)
w* optimal primal, A*, a* optimal dual, weak
duality: 61", a) < f(w"), strong duality:

0@, a') = fw"), infL(2, a,w) < LA, a,w) < f(W"). Ifa
convex optimization satisfies strong duality
then f(W") = L(A", a*,w"), a;h;(w") = 0 for
Jj < nis complementary slackness. Slater’s
condition: for f and h; being convex and the
g; being affine, then if there is a feasible w
such that strictly h;(w) < 0,Vj < n, strong
duality holds for P.

9. Support Vector Machines



1. Hard Margin SVM

Primal: Given training data n in form (x;, z;),
z; € {1,—1} and ¢(x;) = y;. SVM tends to
find optimal hyperplane wTy + w, = 0 having

. . 1 2
the maximum margin: min= ||W| | , 2wy +
w,wq 2

wo) = 1, Vi <n. Lw,wy, a) = lew Yienailz;(W'y +

we) —1]. * 0(e®) computdtmnal complexity.
Dual: maleal 7721111 a;2,2;y ¥, @; 2 0, % a;z; = 0.

oL
aw

S = 0. LW W53 @) =B Dyen i3y, ~
*0(n3).

=W i iziy; > W' fZMLlZyu = Zien 2 >

Yisn Zjzn ‘ZlajylyjYiT}'j — Wo Xin @i Zi + Disn Qi
11. Soft Margin SVM

§; slack: &; = 0 correct (outside margin); 0 <
& < 1 correct (in margin); &; > 1 incorrect.
Primal: wnn;é“w”Z OB b 2 Wy +w) 21— £,
&= 0. Dual: Low, wo,& a,f) =2 |Wl|* + € Sian & -
Dian @[z Wy +wo) — 1+ &1 = Ticn B mgX%Zi a; —

aL
Z,]aazzylyl,0<a <cC, Zl<"avzi:0,5:w—

Dien A2y S W' = Licn 412 iYir 5, = Yien XiZi = Yien iZ; =

awg

OE—CfafﬂlﬁC—a +B (Vi<sn). ™

leads to hard margin SVM.
II1. Non-linear SVM (Kernelization)

Feature map ¢(x) = (x, x"). m;\x%f,i a; —

*C > o

%Zi,j ;a0 ()T (x;), then w' o (x) =
Y aiyip(x) T o(x). * K(x,x") =

" () (x).

IV. Multiclass SVM

For all class z € {1,2, ---, M} we introduce w,
and define the margin m such that (WZTL y; +
Way0) = max(wyyi + wyo) = m, vy, €Y.

10. Ensemble Methods

L. Bias and Variance of Ensemble Methods

Ensemble methods combine multiple

classifiers to create a more accurate predictive

model. Given estimators fj (x), -, fz (%),

f(X) =38 fi); blaS[f(X)] E[f)] - ElY]x] =
Z L1 fi(x) — E[Y|x] = - X, bias[f; (x)];Var[f (x)] =
[f(x) ff]] = E[ S - B =
ZB Var[f,(0] + = Zm Cov[f;(x), ;)] ~ 6%/B.

leen classifiers Cl, -+, cg, combine to ¢(x) =

sign(T2, a;c;(x)), where q; is the weight.

* Variance can be reduced if covariance is

small, unbiased estimators remain unbiased

after averaging.

11. Bagging

Bagging (bootstrap aggregation) combines

classifiers trained on bootstrap samples.

Require: Z = {(z1,11), ... (Zn,¥n)}

Ensure: égag with majority vote of {¢1,¢2,...,cn}
1: for b=1to B do

2 Z*b  p-th bootstrap sample from Z
3 Construct classifier ¢, based on Z**
4
5

end for
return épac(r) = sgn (Z?ﬂ ["‘(‘r)) =0

* Reduces covariance, variance, not much on bias.

III. Random Forests

Combines multiple decision trees, each tree is
trained on a bootstrap sample; at each split
within each tree, only selected subset m of p

features to train, usually m =~ \/p.
Require: Z = {(z1,)
Ensure: Ensemble of tr

1: for b=1to B do

2 Draw bootstrap s S 00 (35,050} of size n from Z

3 repeat & generadion of a random forest tree

Select m features at random from p features
Pick the best foature/split-point among the m selocted features

wple 2* = {(z

Split the node into two daughter nodes
until node size nmin is reached
8 end for
9: return Ensemble of trees {cp(x) h N

I1L. Boosting (AdaBoost)
R : 2=

(21,01 )y (T )
assifier & \nt[./-\
I initialize observation weights s = 1/n
2 for b=11o B do
% Fit a classifier ¢(x) to the training data using weights w;
4

Compute ¢, « Sz Helr)zn} b error of o

o

5 Compute o, + log * o final weight of e,

B Set ¥i:wg — wgexp ol Hewla:) # wi})
7 end for
& return Eapa(r) = san (T o) )

AdaBoost.M1 is equivalent to forward
stagewise additive logistic modeling using

exponential loss. F(x) = log% =

The o) = Py = 1x) = 72000 the
objective of AdaBoost J (F) is minimized with
respect to F(x): J(F) = E[exp(—yF (x))].

11. Deep Learning

I. Deep Neural Networks

fx:6) = pWORWED g WD), 0 = WD, WD),
non-linear ¢: R = R, also called activation

| functions. Backpropagation is used. Loss is

) = 1zl-<n (yl —w (w“-“¢(-‘-¢(w(“x) =)
(V (L)/) (V (L~ 1)]) -

92(L-1 ay of , 2z 97D
s (W = . .. . .
PR '( W“)]) of 920D 220 ow®

11. Variational Autoencodér (VAE)
InfoMax: argmax,(X; Z) = argmaxyE [log

p(X|12)p(2)
p(Xp(2)

Ellogp(X)] ~ argmax ¥.ir E[logp (Xi|2)].

* Although informative, but not about
disentanglement or robustness.
Autoencoder: argmaxg g ¢ Yi<n 108 Dgro (x;) =
logpero(x)) = [lOgPe o(xi )] =

E [l Poo (i lz)pequ’w‘)] Elogpe (x;12)] —

perg(Z1X)  ap@ixD
E [log%(z(lx )] +E [l ""(Z'x")] = E[logp, (x;2)] —

(z]x;),
KL (a9 1x)[pe () + KL (g5 G2l |pe 21x)) =
Ellogpy (x12)] = KL (a1 |po(2)) = ELBO

II1. Transformer

a/ " awl "’

p(X.2) ] —
p(X)p(2).

argmaxgE [log = argmax,E[logp(X|2)] +

“A brocooli “Ein Brokkoll,
doing yoga" der Yoga macht” t ‘
B 5 A o mlet
o iy E
VAE encoder -t Mashed y
Ea il e
=1 =
(2 mmm B Lo (e

BIT

WordPiece Tokenization: 1) set i = 0; 2)
while i < § (S is predefined number of
tokens), a) choose a subsequence length [ € N,
b) find the most common subsequence s of
length [ over the training corpus, c) let i-th
token represent s, d) i =i + 1.

Self-attentlon (cross attentlon another encoding):

Token
| —— P . voEwr

Token as & query

Teken as 2 probatility
distribution over keys

Tokan as a weighled average of
alher token embeddings that are
“related" 1o the ariginal token

Positional encoding: the positional encoding
matrix p has T rows and d columns. T is the
maximum number of tokens in a sentence. d is
the dimensionality of the positional
embedding. The encoding i is defined as

Piz; = sin(a™%i) and p; 5;4, = cos(a~2/i) for
j<d/2and a = 104

Other transformers: BERT and vision

- Mask L s e /Sauan
-

StamEna span

BERT

(&}

Mastod Semencu s Maska Semtenca

niaetes Sesence A 8 Far NN nmtor s

Fine-Tuning

Pre-trainin;
Vi Transformer Encoder

g
Transformer (ViT)

Transformer Encoder

i
SerrTrrers

I inear hx.ummul Hmcnul Paiches
SR m
[T | l l Hi ﬁ !ili
nn

IV. Stable Diffusion

Master equation T%ci = %q (ciy1—Cim1) +

pzﬂ(ci+1 — 2¢; + ¢;_1). Diffusion result %c(x, t) =
07 ° L (® jiRx

Do c(x,t) = é(R,t) = P [ e c(x, t) dx.

Inverse Fourier transformation c(x,t) =

1 (® —iRx _ (x=x9)?

ZHLme (R, t)dx = ‘/W_Dexp( oy )

V. Convolution & Deconvolution

VI. Multiheaded Cross-attention with U-Net

outpus by some

e Uner

= SuretFopm
12. Non-parametric Bayesian Methods

L. EM Optimization

Let y = {xq, -, x,,} be the observable
variables Z = {z, -+, z,, } be the latent
variables. The EM method is to repeat the
following procedure until the convergence of
6. 1) Expectation: calculate a function Q of 8
given previous estimated IOk Q(G ; BU)) =
E[L()(,Z|9)|)(,9(j)], where L(y, Z|0) =
logp(x, x1.10) log-likelihood function. 2)
Maximization: estimate new parameter 6
by maximizing the function Q, U+ =
argmanQ(B ; B(j)). * Guaranteed to converge
to a point with gradient of 0.

II. K-Means

Given y = {xy, ", x,}. K-means dinds an
assignment function c¢(x): R? - {1,---,k} and
prototypes Y = {uy, -, .} © R? that are
minimizers of ¢(x) € argmin, Y ||x — pc||3.

while c(x) and i, keep changing do

Jj+1)

o(x) = argmin,cpy . uy [ — a2
1 -
"y . X
Sk e(xh =g} ,ﬂl_;;
return c(x), ¥x € A’

II1. Mixture Models

While c(x] and e, keep changing to

> E-step: assign X to the nearest prototypes

& Mestep: update prototypes

(x| ¢,80)p(c | 6U)
=" : plx \b‘i‘t;‘ b E-step: soft-assign sample x to clusters
‘ TV X b x — Yy
g = T X pgen L & M-step: update parameters
2w Wuc P Ve
A Ly
7 72

return c(x),vx € X'

LV. Dirichlet Process

Dirichlet distribution is the multivariate
generalization of the beta distribution
Beta(6; a, b) = mm"" 1(1-6)"-1, where g(a,b) =
rr((“):‘b';’, where r(z) = [ x* e~ dx. Given x =
{xl."- Xn} (x €01 a={ay, -,

7= Teen (™", Where g(a) = E&("”"") Expected
number of clusters in DP mlxture X, ~

Fo, Xi| X1 Xiog = X ~ 1(1fp_ ) X~F, (ifp:
—2).5(1) = ElSyen 106 0 o .xH} =0} =

Desn PO Ny, =+, 201} = 0) = T P(Xye ~ Fy) =
st"wk T S(n)—1+—<1(n) <Sm),I(n) <S(n) <
I(n)+1——1(n)—f"H - dx—af“"ld =

a(ln(a + n) In(a)), asn —:‘g:}(n) ~ aln(n) S(n) €
O(aln(n)).

V. Chinese Restaurant Process
,teP;=-""repr. It
is exchangeable p(P) = ﬁl’lmsw(lnl -1

DPMM: p(z; = klz_y, x,a, 1) = p(z; = k|z_, @)p(x;|x_;, z;
k). pCeiln, zi =k, z_i, x ) = p(xilx_i 1) (k exists), p(c|p).

a,} (a; > 0). Dir(x,a) =

p(customer n + 1 joins table 7|P) =

13. Probably Approximately Correct (PAC)
L. Empirical Risk Minimization
Generalization: R(¢) = P(¢(X) # ¢(X))
measures how well the hypothesis ¢ performs
on the entire distribution. Empirical: R,,(¢) =
%Zisn 1{¢é(x;) # y;} average error of
hypothesis ¢ on the given sample of size n.
Minimization is to select the classifier ¢;, € C
with smallest training error ¢, =
argmin.R,,(c), where R, (c) = %Zi 1{c(xy) # v}
I1. PAC Learning Model

A learning algorithm A can learn a concept
class C from H, if there is a polynomial
function such that 1) for any concept ¢ € C 2)
for any distribution D on x{0,1} and 3) for any
0<e<1/2,0<8<1/2,P,pm(REO<)21-6,n>
ploy(é,%,size(c)). * A runs in polynomial time in
1/€ and 1/6 is efficient.

I1. General PAC Learning Model

A learning algorithm A can learn a concept
class C from H, if there is a polynomial
function such that D on ¥{0,1} ando<e <3, 0<
5 <P (R - infR(c) < e) >1-6, where n >
poly(%,3,size(c)). Error bound finite C: p (R(c‘; -
infR(c) > s) < 2|C| exp(—2ne?); Error bound
infinite C: P(R( ér) — mfR(E) > e) < 9nVC exp( "gz)
111 Vapnik-Chervonenkls Inequality

R(¢) — mfR(c) =R(¢) — R + R, infR(c) <

R(&) = R(E) + Ry(c) = Rp(c) < sule(c) R(c)| +
sup|R(c) - R(c)| < Zsup|R (¢)—-R (c)| where c*

argmin.R(c). The bound requires un;form
convergence since Cyp, is minimized with the
empirical risk p (R(f;, —infR(c) > e) < P(sup|i?(c) -

R(0)| > ) ERM works lfsup|R(c) —-R()|-0.VC

dimension is a measure of the capacity of a set
of functions that can be learned by a binary
classification algorithm.

Classifier VC-dim
stump classifier (-oc.a) ac R 1

all intervals in R {la.t] | a.bc R} 2

all unions of & intervals in B {Uila. 8] | ar. by € R} 2k

3ll half-planes in [’ {x.y) lax+by+cz=0abceR) 3
all convex palygons in IR - o
all convex polygons with at mast k- 2k+1

vertices in B2

Error bound (finite C bounded by N):
P (51;1?|R(c) -R@©)| > e) =UcecP(IR() —=R(0)| > €) <
Seec P(IR(c) = R(c)| > €) < 2N exp(2ne?). R(c) < R,(c) +

W’ where ¢ = W’ & = 2N exp(—2ne?).

IV. Learning Hyperplanes with ER
Assume X has a density. If ¢ is the ERM classifier, then for
all possible distributions of (X, Y), if n > d and 25 <e<l,

nZ
we have P (R(f) - LIElLfR(C) > E) < ezaf(Z(D +1)e =,

Moreover, ifn > d, E[R(6) =R < _|2(d + D(Inn+2). *

(;) grows polynomial for d, so learnability is slow.
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